An almost non-abelian extension of the Rieffel deformation is presented in this work. The non-abelicity comes into play by the introduction of unitary groups which are dependent of the infinitesimal generators of SU (n). This extension is applied to quantum mechanics and quantum field theory.
Introduction
Is it possible to understand and investigate the weak and strong interaction in terms of a deformation method? The intuition leading to this question comes from using warped convolutions [GL07, BS, BLS11] in the context of quantum measurement theory and quantum mechanics (QM) [And13, Muc14] . By using the novel tool of warped convolutions in a quantum mechanical context, we recast many fundamental physical effects involving electromagnetism. In particular, the deformation of a free Hamiltonian becomes, after setting deformation parameters to physical constants, the minimally coupled Hamiltonian. This means that through deformation we generated abelian gauge fields. Hence, the main question following this insight goes as follows: Can we formulate a similar rigorous apparatus in order to obtain non-abelian gauge fields by deformation?
The investigation shows that there is a natural extension to the framework of warped convolutions in the non-abelian context. In particular, the formulation in the non-abelian case resembles the abelian version in many parts. Most of the theorems, lemmas and propositions that were stated in the abelian case hold in the non-abelian version as well. For example, we can express the deformation in terms of strong limits, which is equivalent to the spectral representation. Furthermore, for the operators belonging to a suitable sub-algebra such deformations are well defined. Another example of similarity is the case of symmetry. If a self-adjoint operator is deformed the result will be a symmetric operator. Now if the operator fulfills in addition certain decay requirements, self-adjointness follows.
By applying the apparatus to QM we obtain minimal substitutions corresponding to non-abelian gauge fields. However, the non-abelian part of the field strength tensor (calculated by the algebra see [Muc14] ), i.e. the quadratic terms of the gauge fields vanish. In particular, the reason for this vanishing can be traced back to the necessity of a strongly continuous unitary group in order to fulfill the requirements needed for warped convolutions. Nevertheless, following ideas outlined in the abelian deformation of QM, we are able to define a non-commutative space-time, which we name the non-abelian Moyal-Weyl.
By using the algebra of the new space-time, we define a QFT on the four dimensional non-abelian Moyal-Weyl. This is done in order to obtain or construct non-trivial interacting fields which was done for the abelian case in [Ala, GL07, GL08, Lec12, LST13, MM11, Muc12] . We further prove the isomorphism to fields defined on the non-abelian Moyal-Weyl to quantum fields (QF) deformed with non-abelian-warped convolutions. This is done by explicitly constructing a unitary operator. Furthermore, we prove the Wightman properties of the deformed QF and relate them to fields defined on a wedge.
The advantage of QFT on wedges is its close relation to a modified version of Lorentz-covariance which, under certain requirements, lead to local observables. It was recognized by the authors in [GL07] that QF on a Moyal-Weyl space-time can be identified with fields on the wedge and it is rewarded with an exact two particle scattering matrix. The notion of wedge-covariance and wedge-locality (the vanishing of the commutator of two fields which are wedge-like separated) can be applied as well in our case.
The paper is organized as follows: The second section introduces some important definitions and lemmas regarding the original warped convolutions. The third section is devoted to the mathematical formulation of non-abelian deformations. In the fourth and fifth sections we apply non-abelian-deformations to QM and QFT.
Conventions 1.1. Throughout this work we use d = n + 1, for n ∈ N. The Greek letters are split into µ, ν = 0, . . . , n and for the su(m)-generators we use α, β, γ = 1, · · · , m 2 − 1. Moreover, we use Latin letters for the spatial components which run from 1, . . . , n and we choose the following convention for the Minkowski scalar product
Warped convolutions
In the current work, warped convolutions are generalized to an almost non-abelian case. Since we permanently refer to the method we lay out in this section the novel deformation procedure and present the most important definitions, lemmas and propositions for the current work.
We start by assuming the existence of a strongly continuous unitary group U that is a representation of the additive group R d on some separable Hilbert space H.
Notation 2.1. We denote by C ⊂ B(H) the C * -algebra of all bounded operators on H on which the R d -action
is strongly continuous, i.e. such that the function
is continuous. We denote by C ∞ the * -subalgebra of α-smooth elements in C and let E be the spectral resolution of the unitary operator U , i.e.
Finally, let D be the dense and stable subspace of vectors in H which transform smoothly under U . By using the former notations and definitions we are now able to give the definition of the warped convolutions of an operator.
Definition 2.1. Let Θ be a real skew-symmetric matrix, regarded as an operator on R d . The warped convolutions of an operator A ∈ C ∞ with respect to (α, Θ) are the operators A Θ and Θ A defined on the domain D ⊂ H according to
The restriction to smooth operators could perhaps be lifted slightly, but since the deformation is preformed with operator-valued integrals, it is difficult to ensure that the formula makes sense. In [BLS11] , it is proven that one can represent the warped convolution A Θ and Θ A of A ∈ C ∞ , on the dense domain D ⊂ H of vectors smooth w.r.t. the action of U , in terms of strong limits
with χ(0, 0) = 1. Furthermore, it was proven rigorously, by expressing the warped deformations in terms of strong limits, that the two different deformations are equivalent,
In this work we consider unbounded real vector-valued functions of the self-adjoint operators with domain E ⊆ S (R d ) (the Schwartz space). For this purpose we recall the following theorem [RS75, Theorem VIII.6].
Theorem 2.1. Let X be an unbounded vector-valued self-adjoint operator, Z(.) be an unbounded real vector-valued Borel function on R d , and let the dense domain D Z be given as,
where {P x } x∈R d are projection-valued measures on H. Then Z(X) is a self-adjoint operator with domain D Z .
Remark 2.1. In the case that X is the coordinate or momentum operator, which is used in the QM and QFT sections, the density and stability of domain D Z can be seen in [Muc14, Lemma 3.1].
Nonabelian Deformation
In this Section we define the almost non-abelian deformation. The form of deformation that resembles in a familiar manner the formula of warped convolutions was deduced from minimal coupling. To be more precise, a reverse engineering path led us to the form of the non-abelian formula. Let us first give the following definition.
Definition 3.1. Let τ α be the infinitesimal generators of the special unitary group SU (m), with commutator relations
Then, we define a matrix valued operator Q(X) on the Hilbert-space
with operator valued vector Z which is a real vector-valued function of a self-adjoint operator (see Theorem 2.1) and Y ∈ R m 2 −1 . Another possible choice for Y is to choose it as m 2 −1 complex-valued m×m-matrices such that Y α τ α is hermitian. However the choice of Y may be chosen, we demand that the matrix Y α τ α has no zero eigenvalues. The case of all eigenvalues being zero is given by Y = 0, which in a sense corresponds to the commutative case.
Remark 3.1. Note that a similar choice of Y is given in [CCM14] where they define the coordinate operator of a sphere in order to describe geometry by pure algebraic
In the next proposition we discuss the properties of the operator which was defined as the product of unbounded real vector-valued Borel functions of the coordinate operator and the infinitesimal generators of the special unitary group.
Proposition 3.1. The operators Q(X) 0 , . . . , Q(X) n as given in Definition 3.1 are mutually commuting self-adjoint operators on the domain D Z ⊗ C m . Hence, there is a strongly continuous n-parameter group of unitaries U τ (p) on H⊗C m with infinitesimal generator Z(X) ⊗ Y α τ α :
Proof. Self-adjointness is proven by using Theorem 2.1 and the fact that infinitesimal generators of the special unitary group are represented as traceless finite-dimensional self-adjoint matrices. Commutativity can be proven by a simple calculation,
Continuity and unitarity of the group is due to Stone's theorem [RS75, Theorem VIII.7] .
Concerning the forthcoming proofs the following lemma is essential.
Lemma 3.1. Let D Q ⊂ H ⊗ C m be a dense and stable subspace of vectors which are smooth w.r.t. the action of U τ and let the hermitian m × m matrix Y α τ α be written as follows,
where W are the diagonalizing matrices, λ r represents the real r-eigenvalue of Y α τ α and B r are matrices such that,
Then, the non-abelian unitary operator U τ (p) can be rewritten in terms of the abelian unitary operator U (p) on the domain D Q as follows,
Proof. From the definition of Y α τ α we know that it represents a hermitian matrix and that the eigenvalues different from zero are real. By diagonalizing the matrix Y α τ α = W DW −1 we obtain a diagonal matrix D which we write as the sum of real eigenvalues in the following manner,
where B r are m × m matrices that have a one in the r-diagonal, i.e. in the r-th row and r-th column and zero elsewhere. The properties of B r given in the lemma are easily verified. Next, on the domain D Q the Taylor expansion of U τ (p) is well defined and is given by,
where in the last lines we used the unitarity of W and the power properties of B r .
In the next step we define U τ (p) as generator of the automorphisms α τ .
Definition 3.2. Let Θ be a real skew-symmetric matrix on R d , let A ∈ C ∞ and let E be the spectral resolution of the unitary operator U . Then the corresponding non-abelian warped convolutions of an operator A ∈ C ∞ with respect to (α τ , Θ) are the operators A Θτ and Θτ A of A defined on the dense and stable domain D Q according to
where α τ denotes the adjoint action of U τ given by α
Remark 3.2. In literature concerning non-abelian fields, the m × m-unit matrix often do not appear explicitly in formulas. Hence to ease readability we use this abuse of notation and do not write the unit matrices, unless necessarily in order to avoid confusion.
Concerning the commutative limit we have due to the former definition two possible limits. We can either take Θ or Y in the limit to zero. Another important distinction to the abelian case of [BS] is the use of a non-abelian adjoint action U τ for deformation while the spectral resolution is of the unitary operator U . Hence lemmas and theorems of the original work do not hold and have to be proven for the non-abelian adjoint action. However, it turns out that many proofs can be done analogously by using Lemma 3.1. Note, that the well-definedness of the integrals is given in the case of the deformed operator A ∈ C ∞ since the non-abelian case is in a sense a m × m matrix of the original deformation. Hence for each component of the matrix we can use the same results of [BLS11] to argue the well-definedness. Nevertheless, we deform in this work unbounded operators hence in order to prove the validness of the deformation formula we need the non-abelian warped convolutions in terms of strong limits.
Lemma 3.2. Let Θ be a real skew-symmetric matrix on R d , let A ∈ C ∞ and let E be the spectral resolution of the unitary operator U . Then, the corresponding non-abelian warped convolution A Θτ and Θτ A of A are defined on the domain D Q in terms of strong limits as follows.
Proof. The proof can be done in an analogous manner to the proof in [BLS11] , where one uses first the fact that
hence one can deduce from this the following
dx dy χ(ǫx, ǫy) e −ixy U (y).
Moreover since the non-abelian unitary operator can be rewritten in terms of the abelian one (see Lemma 3.1) we have the following for corresponding non-abelian warped convolutions
where A λr Θ is the abelian warped convolutions (see Definition 2.1) with the deformation matrix λ r Θ. For operator Θτ A of A we have analogously,
where λr Θ A is the other possible definition of the abelian warped convolutions (see Definition 2.1) with the deformation matrix λ r Θ. Therefore, the non-abelian deformed operator can be expressed as the abelian deformed one which is the left side of a tensor product. Hence, all the considerations concerning convergence and the strong limits of [BLS11] apply in this case as well, since the right hand side of the tensor product produced merely multiplication by matrices. As already said the proof that the former formulas are well-defined for A ∈ C ∞ is analogous to the proof in [BLS11, Section 2.2].
From the last proof an essential detail of this deformation emerged. The nonabelian deformation can be expressed as a tensor product, where the abelian case is on the left of this product, i.e.
In the next lemma we prove that the two deformations A Θτ and Θτ A are equivalent. Moreover, we proof important statements concerning self-adjointness and commutativity which are essential in regards to physical (QM and QFT) aspects.
Proof. (i) The proof is done by expressing the non-abelian deformation in terms of strong limits using Lemma 3.1, which gave a specific relation between the non-abelian and the abelian unitary operator. Hence, for Ψ ∈ D Q we have
where in the last lines we restricted the integration to the submanifold (ker Θ) ⊥ × (ker Θ) ⊥ , since the remaining integrals merely produce factors of 2π and we performed the variable substitution x → x + (λ r Θ) −1 y and took into account that Θ −1 is skew symmetric. Furthermore, we defined a cutoff function χ 1 (ǫx, ǫy) := χ(ǫ(x + (λ r Θ) −1 y), ǫy) and hence in the limit ǫ → 0 one obtains
The importance to prove it here using strong limits is motivated by introducing to the reader how to work with non-abelian deformations. However, since we know how the non-abelian deformation is related to the abelian one by Formula (3.9), assertion (i) follows from the original work by a one-liner, i.e.
where we used
.2) from the abelian case.
(ii) The prove of the second assertion is done analogously to [BLS11, Lemma 2.2.] by using the former assertion. Since it is straightforward we skip the proof.
(iii) This can be proven by rewriting the nonabelian operators in terms of the abelian deformed ones (see Lemma 3.1 and 3.2), i.e.
and hence from this point forward the proof of [BLS11, Proposition 2.10] can be adapted to prove this assertion since the requirement [α τ Θx (A), α τ −Θy (F )] = 0 can be translated in to the abelian case as follows,
In the original work [BLS11] the authors proved that warped convolutions supply isometric representations of Rieffel's strict deformations of C * -dynamical systems with actions of R d , [Rie93] . In the following lemma we introduce the deformed product, also known as the Rieffel product.
Lemma 3.4. Let Θ be a real skew-symmetric matrix on R d and let A, F ∈ C ∞ . Then
where × Θ is the Rieffel product on C ∞ , defined by
Next we give a lemma stating how the non-abelian deformations supply the isometry.
Lemma 3.5. Let Θ be a real skew-symmetric matrix on R d and let A, F ∈ C ∞ . Then, on the domain D Q , we have
where the non-abelian Rieffel product is given by a natural extension of the original definition for Φ ∈ D Q as,
where the adjoint action α I y is defined by the unitary operator U (y) ⊗ I m×m . Proof. For the following proof we make extensive use of Lemma 3.1. The product of the non-abelian deformed operators A, F ∈ C ∞ reads on vectors of the domain D Q ,
where in the last lines we used properties of the matrices B r and the isometry between warped convolutions and the Rieffel product given in Lemma 3.4. Next we turn our attention to the non-abelian Rieffel product given on D Q by,
By deforming the non-abelian Rieffel product × Θ τ,I of A, F the assertion follows.
This lemma is important in the context of algebraic quantum field theory and will be investigated in future works.
Next we turn our attention to the well-definedness of the non-abelian deformation in the case of unbounded operators. To prove that the non-abelian deformation (3.2) holds as well for an unbounded operator A, defined on a dense domain D(A) ⊂ H of some separable Hilbert space H, let us consider the deformed operator A Θτ as follows
Note that the scalar product is w.r.t. H ⊗ C m . The expression is well-defined if b(x, y) is a symbol which is given in the following definition ([Hör89, Section 7.8, Definition 7.8.1]).
Definition 3.3. Let r, ρ, δ, be real numbers with 0 < ρ ≤ 1 and 0 ≤ δ < 1. Then we denote by S r ρ,δ (X × R d ), the set of all b ∈ C ∞ (X × R d ) such that for every compact set K ⊂ X and all γ, κ the estimate
is valid for some constant C γ,κ,K . The elements S r ρ,δ are called symbols of order r and type ρ, δ. Note that γ, κ are multi-indices and |γ|, |κ| are the corresponding sums of the index-components.
Lemma 3.6. Assume that the derivatives of the adjoint action of A w.r.t. the unitary operator U τ are polynomially bounded on vectors in
Then, b(x, y) belongs to the symbol class S r ρ,0 for Ψ, Φ ∈ D ∞ (A) ⊗ C m and therefore the non-abelian deformation of the unbounded operator A is given as a well-defined oscillatory integral.
Proof. For the derivatives of the scalar product b(x, y) the following estimates hold
where in the last lines we used Assumption (3.11). To prove the second part of the statement we first define r(ρ) := r − ρ|γ| and use the former inequality, i.e.
Note that the oscillatory integral does not depend on the chosen cut-off function. Hence, we can proceed as in [Rie93] , where the regulator is chosen as χ(εx, εy) = χ 2 (ε 2 x)χ 1 (ε 1 y) with χ ∈ S (R d × R d ) and χ l (0) = 1, l = 1, 2, and we obtained the delta distribution δ(x) in the limit ε 2 → 0, [Hör89, Section 7.8, Equation 7.8.5]. For another proof of the second statement we refer the reader to [LW11] and [And13, Theorem 1].
Next we concentrate on the self-adjointness of an operator A that is deformed with non-abelian warped convolutions where the undeformed version is self-adjoint. 
Application of Deformation in Quantum Mechanics
In the so called Schrödinger representation, [RS75, BEH08] the pair of operators (P i , X j ), satisfying the canonical commutation relations (CCR)
are represented as essentially self-adjoint operators on the dense domain S (R n
Non-Abelian Gauge Fields
In this Section we generate nonabelian gauge fields by applying the deformation procedure on the momentum operator in quantum mechanics. The infinitesimal generator of deformations is an unbounded real-vector-valued function of the coordinate operator.
Proposition 4.1. The quantum mechanical momentum operator deformed with the non-abelian warped convolutions, i.e. P Θτ , by using as generator Q k = Z(X) k ⊗Y α τ α , is well-defined on the Hilbert-space D E and is given explicitly by the following equation
where the gauge field A α is given as
Proof. First, we apply the new definition of deformation on the momentum operator and since we have shown the well-definedness through the equivalence of the spectral measure and the deformation in terms of strong limits we have,
where in the last line we used the Backer-Campbell-Hausdorff formula. Let us take a closer look at the first commutator
which is calculated by using the CCR. Moreover, since the commutator gave an operator only depending on the coordinate operator we deduce that all other commutators vanish, i.e.
Hence, by collecting all terms we have
The deformation formula is well-defined even though the operator is unbounded. This is due to the vanishing of all orders, except the first order, of the Baker-Campbell Hausdorff formula. Hence, the first-order term is polynomially bounded in x. Let us examine the expression of polynomial boundedness more careful, i.e.
For the multi-index γ equal to zero we have
where in the last lines we used Cauchy-Schwarz and the fact that Ψ ∈ D E such that the norms of the respective operators are bounded and hence a constant C 0 can be found such that the inequality holds. For the multi-index γ equal to one the inequality is simply bounded by a constant. Due to the first-order boundedness in x it follows from Lemma 3.6 that the deformation is well-defined (see also [LW11] , [And13, Theorem 1] and [Muc14] ).
Next we investigate the case of a free Hamiltonian. For a free quantum-mechanical particle the energy is described by the operator H 0 which is given as
In the case of non-abelian deformation there are two expressions that are worth investigating, i.e.
• H Θτ 0
The first case is the Hamiltonian plugged in to the Formula (3.2) of non-abelian deformation. However another possibility of defining the deformed Hamiltonian is by taking the scalar product of the non-abelian momentum operators.
Proposition 4.2. The free Hamiltonian deformed with the non-abelian deformations, by using as generator Q k = Z(X) k ⊗ Y α τ α , is well-defined on the Hilbert-space D E and regardless of the possible definitions unique. The explicit expression is given by H Θτ 0
where the gauge field A α is
Proof. For the proof we shall use the spectral definition of the deformation. This can be done since the Hamiltonian is quadratically bounded w.r.t. the unitary operator U τ . This fact is easily seen since the adjoint action is given by
where the momentum operator is polynomially bounded to first order as was shown in the former proposition. Hence quadratic polynomial boundedness follows and by using Proposition 3.6, one concludes that the deformation is well-defined. Therefore the integral or spectral representation are equivalent. Next we turn to the explicit result of the deformed free Hamiltonian in the non-abelian context. This is done by applying the deformation formula,
Next we turn our attention to defining the non-abelian deformed Hamiltonian as the scalar product of the non-abelian deformed momentum operators
where we used the former proposition in order to obtain the result. We conclude that all possible deformations in this case are equivalent.
The proof that the deformed Hamilton operator is well-defined can be done as the former result concerning the momentum operators, i.e. due to the fact that the Backer-Campbell-Hausdorff formula vanishes to third order polynomial boundedness to second-order follows. Hence, as before by using Cauchy-Schwarz and domain arguments inequalities to second order in x hold and we can use Lemma 3.6.
In [Muc14] it was proven that by identifying the deformation matrix with certain physical constants the deformed momentum represents the minimally substituted momentum operator. In this context, the commutator of two deformed momentum operators gave the spatial part of the field strength tensor, which either represents the magnetic or gravito-magnetic field. In the following we shall perform the same calculation with the non-abelian deformed momentum operators in order to prove that the outcome is a spatial non-abelian field strength tensor.
Lemma 4.1. The commutator of non-abelian deformed momentum operators is given by the following term
which resembles the spatial field strength tensor without the quadratic term in the gauge-fields.
Proof. The explicit calculation is given by
where the gauge field
Due to the vanishing of quadratic terms of gauge fields in the spatial part of the field strength tensor, we call the deformation almost non-abelian. However, note that the quadratic terms in the Hamiltonian do not vanish, i.e.
Non-Abelian Moyal-Weyl
In [Muc14] we found a connection between deforming the momentum operator and the Moyal-Weyl space. This connection was given by the famous Landau quantization. We obtained the Landau quantization by deforming the momentum operator with the coordinate operator. To obtain the so called guiding center coordinates, that describe precisely the position of the particle we deformed the coordinate operator with the momentum operator.
Since, we obtained non-abelian gauge fields by deforming the momentum operator we reuse the idea found in QM and deform the coordinate operator. The resulting space-time of this deformation is called the non-abelian Moyal Weyl plane. In order to obtain this new plane we have to deform the coordinate operator by using the non-abelian warped convolutions. Afterwards the commutator of the two non-abelian deformed operators is calculated.
Proposition 4.3. Non-Abelian Moyal-Weyl Plane Let the generator of deformations be given as the momentum operator i.e. Q k = P k ⊗Y α τ α . Then, the deformed coordinate operator X Θτ is well-defined on the Hilbertspace D E and given explicitly by the following equation
Moreover, the non-abelian Moyal-Weyl plane is generated by the algebra of the nonabelian deformed coordinate operators and is given as follows,
Proof. First, we apply the new definition of deformation on the momentum operator,
where in the last line we used the Baker-Campbell-Hausdorff formula. Let us take a closer look at the first commutator
where in the last line we used the CCR. Moreover, since the commutator gave an operator only depending on the coordinate operator we deduce that all other commutators vanish, i.e.
The calculation of the non-abelian Moyal-Weyl plane is done in a straight forward manner, i.e.
The proof that the deformation formula is well-defined for the unbounded deformed coordinate operator is equivalent to the proof done for the case of the momentum operator. This is due to the vanishing of all orders, except the first order, of the Baker-Campbell Hausdorff formula. Therefore, the first-order term is polynomially bounded in p, i.e.
where as before we used Cauchy-Schwarz and the fact that Ψ ∈ D E such that the norms of the respective operators are bounded and hence a finite constantC 0 can be found such that the inequality holds. Due to the inequality it follows from Lemma 3.6 that the deformation is well-defined (see also [LW11] , [And13, Theorem 1] and [Muc14] ).
Another important point in the context of the non-abelian operators is the question of self-adjointness. Hence in order to have a * -algebra the non-abelian deformed coordinate operator has to be self-adjoint.
Lemma 4.2. The non-abelian deformed operators X i,Θτ are self-adjoint on the domain S (R n ) ⊗ C m .
Proof. Self-adjointness in the deformational context is owed to the polynomial boundedness of the expression and follows from Theorem 3.1.
QFT on Non-Abelian Moyal-Weyl
In [GL07] , the authors gave a correspondence between free deformed fields and quantum fields living on the constant Moyal-Weyl space. The correspondence was implemented by a unitary operator mapping the Fock space H to the tensor product space V ⊗ H, where the space V is defined as follows.
Definition 5.1. Let V denote the representation space of the *-algebra generated by self-adjoint operatorsx that fulfill
where Θ is the center of the algebra.
The unitary operator responsible for the equivalence between the * -algebras of the deformed fields and the * -algebra of fields on V, [GL07] is given by
Hence, the following equations hold in a distributional sense
where an analogous relation holds for the creation operator.
In this section we define the space of the non-abelian Moyal-Weyl plane and define a QFT on it. Furthermore, we deform the quantum field with non-abelian warped convolutions and finally show the existence of an isomorphism between the two algebras. Hence, we start with the following lemma.
Lemma 5.1. Let V τ denote the representation space of the *-algebra of the nonabelian Moyal-Weyl plane generated by the self-adjoint operators X
Then Θ µν Y α τ α is the center of the algebra.
Proof. The proof is straight forward,
Remark 5.1. Note that we increased the dimension of the Heisenberg-Weyl algebra by one and the operator P µ should not be confused with the quantum field theoretical momentum operator. Moreover, we changed the sign of Θ to keep the known notion of the Moyal-Weyl plane. Next we define the creation and annihilation operators of the quantum fields defined on the non-abelian Moyal-Weyl plane in a natural manner as (see [DFR95] ),
The quantum fields are defined on the tensor product space V τ ⊗ H ⊗ C m . In order to give the correspondence of fields on H ⊗ C m , which can be obtained by a non-abelian deformation by using the QFT momentum, we shall construct the unitary operator V τ ξ . However, to do so we first deform the annihilation and creation operator. Lemma 5.2. The annihilation and creation operator deformed by using the nonabelian-warped convolutions, where the generator Q(P) µ = −P µ ⊗ Y α τ α is used, with P µ being the field theoretical momentum operator, are well-defined and given
Proof. To prove that the expression is well-defined note that for
Therefore, equivalent inequalities as in the free case hold for non-abelian-deformed quantum field operators. Next, to calculate the non-abelian-deformation with the momentum operator let us examine the following expression first.
where this expression can be calculated by using Baker-Hausdorff formula or the same technical proof as done in [Sch61] for the abelian (usual) case. Hence by applying the adjoint action we obtain
where the proof for the creation operator can be done analogously.
Theorem 5.1. An equivalence exists between the * -algebras of fields deformed with non-abelian warped convolutions using the momentum operator and the * -algebra of the free fields on the non-abelian Moyal-Weyl plane V τ . This isomorphism is given by the unitary operator
Proof. The proof is straight forward by using Lemma 5.1 and Lemma 5.2.
where in the last lines we used the Baker-Hausdorff formula, the commutation relations of the non-abelian Moyal-Weyl and the center of the algebra.
Definition 5.2. Let Θ be a real skew-symmetric matrix w.r.t. the Lorentzian scalar-product on R d and let χ ∈ S (R d × R d ) with χ(0, 0) = 1. Furthermore, let φ(f ) be the massive free scalar field smeared out with functions f ∈ S (R d ). Then, the operator valued distribution φ(f ) deformed with the operator Q(P)
The automorphism α τ is defined by the adjoint action of the unitary operator U τ (y) and the test functions f ± (p) in momentum space are defined as follows
⊗C m the familiar bounds of the free field hold for the deformed field φ Θτ (f ) and therefore the deformation with operator Q(P) µ = −P µ ⊗ Y α τ α is well-defined.
Proof. By using Lemma 5.2 one obtains the familiar bounds for a free scalar field.
where in the last lines we used the triangle inequality, the Cauchy-Schwarz inequality and the bounds given in Inequality 5.2.
Wightman Properties of the Deformed QF
In this section we show that the deformed field φ Θτ (f ) satisfies the Wightman properties with the exception of covariance and locality. This is the subject of the following proposition. We use H for the Bosonic Fockspace.
Proposition 5.1. Let Θ be a real skew-symmetric matrix w.r.t. the Lorentzian scalar-product on R d and f ∈ S (R d ).
a) The dense subspace D ⊗ C m of vectors of finite particle number is contained in the domain
b) For scalar fields deformed via warped convolutions and
is a vector valued tempered distribution.
c) For Ψ ∈ D ⊗ C m and φ Θτ (f ) the following holds
d) The Reeh-Schlieder property holds: Given an open set of space-time
Proof. a) The fact that D ⊗ C m ⊂ D Θτ , follows from Lemma 5.3 , since the deformed scalar field is bounded by the bounds of the free field. Moreover, the equivalence of the deformed field acting on the vacuum and the undeformed field acting on Ω⊗e α , is due to the property of the unitary operators U c) Hermiticity of the deformed field φ Θτ (f ) is first proven. This is done as the proof of Lemma 3.3, demonstrating hermiticity of a deformed operator if the undeformed one is self-adjoint, For Ψ k ∈ H k ⊗ C m the estimates of the l-power of the deformed field φ Θτ (f ), are given in the following
where in the last lines we used Lemma 5.3 for the estimates of the deformed field. Finally, we can write the sum
d) The properties of the unitary operator U (y) of translations leads to the application of the standard Reeh-Schlieder argument [SW89] which states that
We choose the functions f 1 , . . . , f k ∈ S (R d ) such that the Fourier transforms of the functions do not intersect the lower mass shell and therefore the domain D Θτ ⊗ C m consists of the following vectors
where P k denotes the orthogonal projection from H ⊗k 1 onto its totally symmetric subspace H k , and S 
Following the same arguments as in [GL07] the density of
Wedge-Covariance and Wedge-Locality
In [GL07] , a map was constructed Q :
Hence, the deformed scalar field φ(Q(W ), x) can be given as a field defined on the wedge. The homomorphism Q : W → Q(W ) is given by the following, Definition 5.3. Let Θ be a real skew-symmetric matrix on R d then the map γ Λ (Θ) is defined as follows
(5.14)
Definition 5.4. Θ is called an admissible matrix if the realization of the homomorphism Q(ΛW ) defined by the map γ Λ (Θ) is a well defined mapping. This is the case iff Θ has in d dimensions the following form
For the physical most interesting case of 4 dimensions the skew-symmetric matrix Θ has the more general form
By using the former definitions we give the following correspondence of the fields on H ⊗ C m as,
Next, we define the covariance and locality properties of the wedge-fields. In particular, we write the definitions of a wedge-covariant and a wedge-local field, ([GL07], Definition 3.2).
Definition 5.5. Let φ = {φ W : W ∈ W 0 } denote the family of fields satisfying the domain and continuity assumptions of the Wightman axioms. Then, the field φ is defined to be a wedge-local quantum field if the following conditions are satisfied:
• Covariance: For any W ∈ W 0 and f ∈ S (R d ) the following holds
where j represents the space-time reflections, i.e. x µ → −x µ .
• Wedge-locality: Let W,W ∈ W 0 and f ∈ S (R 2 ). If
By using the geometrical properties of the wedge the following lemma results, ( [GL07] , Lemma 3.3). So let us first investigate the wedge-covariance properties of our non-abelian fields. The result is given in the following proposition.
Proposition 5.2. The deformed fields φ Θτ (f ) transform under the adjoint action of the proper orthochronous Poincaré group as follows,
Therefore, the field φ Θτ is a wedge-covariant field.
Proof. The proof is done straight forward by applying the unitary operator of the Poincaré group on the field and by taking the transformation of creation-and annihilation operators into account.
Let us examine the proof of wedge-locality for the abelian deformed fields, [GL07] . The proofs works for smearing functions that are entire analytic and therefore an analytical continuation to the complex upper half plane can be done. The following coordinate transformation will ease the proof and it is given by,
The measure and the on-shell momentum vector is written in the new coordinates as follows,
By the use of the coordinate transformation and the analyticity of the function one obtains for the smeared functions f ∈ C
Now for the proof of wedge-locality in our case the same arguments are applied.
Proposition 5.3. The family of fields φ = {φ W :
, with Y α being a vector, are not wedge-local fields on the Bosonic Fockspaces H ⊗ C 2 . However, by choosing Y to be matrix valued such that Y α τ α has positive eigenvalues the family of fields φ are wedge-local on the Bosonic Fockspace H ⊗ C m .
Proof. For the proof we use Lemma 3.3 and the proof of wedge-locality for a free translated scalar field, [GL07] . In order to use Lemma 3.3, we have to show that the following commutator vanishes for f ∈ C where in the last lines we used the boundedness and analyticity properties of the unitary transformed functions f, g (see [GL07, Proposition 3.4]). However this cannot be done if |e iλr p(ϑ+iπ)θ(x+y) | 1, ∀r, since it would be unbounded and hence we cannot shift the contour of the integral from R to R + iπ. Unboundedness in the case where Y ∈ R 3 is seen by calculating the eigenvalues of the matrix Y α τ α , which are for su(2), ±(Y α Y α ) 1/2 . Therefore, it is easy to realize that it is not positive-definite. It turns out that there are no real solutions for Y α and hence a solution consistent with the initial requirements does not exist. which is hermitian for y 1 , y 2 , y 3 , y 4 ∈ R. The eigenvalues of this matrix are real and given by λ 1,2 = 1 2 y 3 − y 4 ± 4|y 1 | 2 + 4|y 2 | 2 + (y 3 + y 4 ) 2 .
By choosing y 3 = −y 4 and y 1 , y 2 arbitrary we have for the eigenvalues of Y α τ α , λ 1,2 = y 3 ± |y 1 | 2 + |y 2 | 2 .
For a specific choice of the constants, namely y 3 > |y 1 | 2 + |y 2 | 2 the eigenvalues are strictly positive and hence wedge-locality follows for an entire family of matrices.
Conclusion and Outlook
In this work we extended the warped convolutions formula, given in [BS] , to an almost non-abelian version. The extended deformation formulas were further applied to the QM case and the outcome are gauge fields which are non-abelian. However, by calculating the non-abelian field strength tensor, where we used the deformed Heisenberg-Weyl algebra, the quadratic terms in the gauge fields vanish. Therefore, the deformation is dubbed almost non-abelian. Furthermore, we were able to construct an equivalent of the Moyal-Weyl plane in the non-abelian case. This was done by using similar arguments found in the abelian case by using the Landau quantization, [Muc14] .
We moved in the next step to QFT, i.e. we deformed the free scalar field with the extended version of warped convolutions. Moreover, we were able to relate the newly deformed fields with a QFT living on the non-abelian Moyal-Weyl plane. By an equivalent construction of [GL07] we were able to relate the deformed fields to fields living on a wedge. Although wedge-covariance was proven the proof for wedge-locality was not possible if Y was chosen to be vector-valued. However we could overcome the problem by choosing Y to be matrix valued.
There are many possible extensions to this model. Let us mention one of the most intuitive extensions to this apparatus. The constant vector Y which was used in the definition of deformation can be made operator dependent. The changes concerning proofs are minimal; however this will have a greater effect on the physical side and will be in close relation to [CCM14] . Another possible extension is the deformation with a spectral measure w.r.t. the non-abelian operator U τ . This is work in progress, [And] .
The almost non-abelian deformation brings something new to the table, but it is isochronously not the last link of a chain. However, it can be considered as one further step towards a non-abelian deformation theory.
